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Abstract
Denote the set of n× n complex hermitian matrices by Hn. We characterize the additive
maps from Hn into Hm that preserve rank 1 matrices when the rank of the image of In is
equal to n. As applications, the forms of the additive preserver of rank, the additive preserver
of rank-additivity and the additive preserver of adjoint matrix between the spaces of hermitian
matrices are also given.
© 2004 Elsevier Inc. All rights reserved.
AMS classification: 15A04
Keywords: Additive map; Hermitian matrix; Rank
1. Introduction and main results
Let C and R be the field of complex numbers and the field of real numbers respec-
tively. Let C∗ (resp. R∗) be the multiplicative group of C (resp. R). Denote by Mn the
space of all complex n× nmatrices, and byGLn the general linear group which con-
sists of n× n invertible matrices over C. We denote by Ik the k × k identity matrix.
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The notation Eij denotes the matrix with 1 at the (i, j)th entry and 0 elsewhere. For
a complex matrix A = [aij ], we denote by At the transpose of A, by A∗ = [aij ]t the
conjugate transpose of A. We say A ∈ Mn is a hermitian matrix if A∗ = A. We are
going to study the space Hn of all complex n× n hermitian matrices.
Suppose V is a linear space over a field F. We say a map f : V → V is addi-
tive if f (A+ B) = f (A)+ f (B) for any A,B ∈ V , linear if f is additive and sat-
isfies f (aA) = af (A) for any a ∈ F and A ∈ V , and a rank-1 preserver on V if
rank f (X) = 1 for every X ∈ V with rankX = 1.
In the recent several decades, characterizing linear/additive maps on spaces of
matrices that preserve certain properties has been an active area of research (see
[5,6]). These are usually called linear/additive preserver problems in the literature.
One of the most basic in linear/additive preserver problems is rank-1 preservers,
since several other questions about preservers have been solved with the help of
rank-1 preservers (see [1,2,7] and the references therein). So, many researchers have
studied rank-1 preservers. For example, Li et al. [7] characterized all linear rank-1
preservers between full matrix spaces; and Cao and Zhang [2] characterized additive
rank-1 preserving surjections on symmetric matrix algebras over fields of character-
istic not 2 and 3; Baruch and Loewy [1] characterized all linear rank-1 preservers on
hermitian matrix spaces.
In this paper, we characterize the additive rank-1 preserver fromHn intoHm when
the rank of the image of In is equal to n. As applications, the forms of the additive
preserver of rank, the additive preserver of rank-additivity and the additive preserver
of adjoint matrix between the spaces of hermitian matrices are also given.
We will prove the following main results.
Theorem 1.1. Let n,m be two positive integers, and f an additive rank-1 preserver
from Hn into Hm. If rank f (In) = n then n  m and f is either of the form
f (A) = Q
[
A 0
0 0
]
Q∗, ∀A ∈ Hn, (1)
or of the form
f (A) = Q
[
At 0
0 0
]
Q∗, ∀A ∈ Hn, (2)
where  = 1 or −1 and Q ∈ GLm.
Corollary 1.2. Let n,m be two positive integers, and f an additive map from Hn
intoHm that preserves rank, that is rankA = rank f (A) for allA ∈ Hn. Then n  m
and f is of the form (1) or (2).
Corollary 1.3. Let n be an integer 2, and f an additive injective map from Hn
into itself that preserves rank-additivity, that is rank(f (A)+ f (B)) = rank f (A)+
rank f (B) for every A,B ∈ Hn with rank(A+ B) = rankA+ rankB. Then f is
either of the form
X.-M. Tang / Linear Algebra and its Applications 395 (2005) 333–342 335
f (A) = QAQ∗, ∀A ∈ Hn, (3)
or of the form
f (A) = QAtQ∗, ∀A ∈ Hn, (4)
where  = 1 or −1 and Q ∈ GLm.
Corollary 1.4. Let n,m be two positive integers with n  3 and m  2, and f be
an additive map from Hn into Hm that preserves adjoint matrix, that is f (Aad) =
[f (A)]ad for every A ∈ Hn where Aad denotes the adjoint matrix of A. Then either
f ≡ 0 or n = m and f is of the form (3) or (4), and Q∗Q = λIn where λ ∈ R∗
and λn−2 = 1.
2. Preliminary results
This section provides two lemmas which will be used to prove Theorem 1.1.
Lemma 2.1. Assume that A1, . . . , An ∈ Hm satisfy the following conditions: (i)
rankAi = 1 for all i ∈ {1, . . . , n}, (ii) rank
(∑n
i=1 Ai
) = n. Then there is P ∈ GLm
such that
Ai = ciPEiiP ∗, ci ∈ R∗, i = 1, . . . , n.
Proof. Since rankAi = 1 for all i ∈ {1, . . . , n}, one can write
Ai = ciαiα∗i , (5)
where ci ∈ R∗ and αi ∈ Cm \ {0}. If we assume rank[α1 · · · αn] = s, then s ∈
{1, . . . , n} and there exists {i1, . . . , is} ⊆ {1, . . . , n} such that i1 < i2 < · · · < is and
rank[αi1 · · · αis ] = s. Furthermore, there exists P ∈ GLm such that
αi =
{
Pei if i ∈ {i1, . . . , is},
P
[
βi
0
]
otherwise, ∀i ∈ {1, . . . , n}, (6)
where βi ∈ Cs \ {0}. Thus,
n∑
i=1
Ai = P
[∑
i∈{i1,...,is } ciEii +
∑
i∈{1,...,n}\{i1,...,is } ciβiβ
∗
i 0
0 0
]
P ∗.
This, together with rank
(∑n
i=1 Ai
) = n, implies that s = n. Combining (5) and (6),
we have Ai = ciPEiiP ∗ for every i ∈ {i1, . . . , is} = {1, . . . , n}. 
Lemma 2.2. Assume that A = [aij ] ∈ Hm satisfies rank
(
A+ ka1Eii + 1k a2Ejj
) =
1 (i < j) for a1, a2 ∈ R∗ and for every k ∈ {1, 2, . . .}. Then A = aijEij + aijEji
where aij ∈ C∗.
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Proof. Without loss of generality, let i = 1, j = 2.
Write A as
[
D B
B∗ C
]
, where D=
[
d11 d12
d12 d22
]
∈H2, B=
[
b11 b12 · · · b1,m−2
b21 b22 · · · b2,m−2
]
∈
C2×(m−2), and C =

 c11 · · · c1,m−2· · · · · · · · ·
cm−2,1 · · · cm−2,m−2

 ∈ Hm−2. By rank(A+ ka1E11 +
1
k
a2E22
) = 1, we have
det
[
ka1 + d11 b1s
b1t cts
]
= 0, for all s, t ∈ {1, . . . , m− 2}.
Since k is arbitrary in {1, 2, . . .}, then cts = 0. Hence C = 0. Also it is immediate
that B = 0 since rank(A+ ka1E11 + 1k a2E22) = 1. Thus,
det
[
ka1 + d11 d12
d12
1
k
a2 + d22
]
= 0. (7)
Taking k = 1, 2, 3 in (7), by direct computation, we may obtain that d11 = d22 = 0.
Obviously, d12 /= 0. The proof is completed. 
3. The proof of the Theorem 1.1
In this section, we assume that n,m are two positive integers, and f is an addi-
tive rank-1 preserver from Hn into Hm with rank f (In) = n. It is easy to see that
n = rank f (In)  m.
Lemma 3.1. For any a ∈ R and c ∈ C there exists an invertible matrix P ∈ GLm
such that
(i) f (aEii) = τii(a)PEiiP ∗, i = 1, . . . , n;
(ii) f (cEij + cEji) = P(τij (c)Eij + τij (c)Eji)P ∗, i < j ;
where τii (i = 1, . . . , n) is some additive group homomorphism of R, τij (i < j) is
some additive group homomorphism of C.
Proof. The case a = 0 or c = 0 is obvious, hence we assume that a /= 0 and c /= 0.
(i) By Lemma 2.1 and the properties f satisfied, we know that there is P ∈ GLm
and ci ∈ R∗, i = 1, . . . , n such that
f (E11) = c1PE11P ∗, f (E22) = c2PE22P ∗, . . . , f (Enn) = cnPEnnP ∗.
For convenience, let i = 1. We consider f (aE11 + E11) = f (aE11)+ c1PE11P ∗.
If a + 1 = 0, we have f (−E11) = −c1PE11P ∗. Assume a + 1 /= 0. Note that
rank(aE11) = rank((a + 1)E11) = 1. Write f (aE11) = P
[
d B
B∗ C
]
P ∗, where C is
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a n− 1 by n− 1 hermitian matrix. If C = 0, B has to be zero (since rank f (aE11) =
1), we are done. Let C /= 0. The rank of C should be 1. Hence there exists Q ∈
GLm such that
[
d B
B∗ C
]
= QkE22Q∗ (k ∈ R∗) and E11 = QE11Q∗. It is easy to
see that this makes rank(f (aE11)+ c1PE11P ∗) = 2, a contradiction. HenceC must
be zero and f (aE11) = dPE11P ∗. We have shown that f (aEii) = τii(a)PEiiP ∗,
i = 1, . . . , n. Clearly, τii (i = 1, . . . , n) is an additive group homomorphism of R.
(ii) For convenience, let i = 1 and j = 2. Let A = f (cE12 + cE21). For every
k ∈ {1, 2, . . .}, by rank(cE12 + cE21 + kE11 + 1k ccE22) = 1 we get
rank
(
A+ kτ11(1)PE11P ∗ + 1
k
τ22(cc)PE22P
∗
)
= 1. (8)
This, together with Lemma 2.2 yields that f (cEij + cEji) = P(τij (c)Eij + τij (c)
Eji)P
∗
, i < j . Obviously, τij is an additive group homomorphism of C. 
Proof of Theorem 1.1. By rank
([1 1 · · · 1]t[1 1 · · · 1]) = 1, we have
τ11(1)τij (1) = τ1i (1)τ1j (1), i  j. (9)
Let γ = τ11(1)−1 and φij (c) = τ11(1)τ1i (1)−1τ1j (1)−1τij (c) (c ∈ R if i = j or
c ∈ C if i < j ). Then φij is an additive group homomorphism of R or C and φii(1) =
1, i = 1, . . . , n. Setting P1 = P diag(τ11(1), τ12(1), . . . , τ1n(1), 1, . . . , 1), and not-
ing Lemma 3.1 and (9), we can assume that{
f (aEii) = γφii(a)P1EiiP ∗1 , i = 1, . . . , n,
f (cEij + cEji) = γP1(φij (c)Eij + φij (c)Eji)P ∗1 , i < j.
(10)
For i < j and c ∈ C, by rank(Eii + cEij + cEji + ccEjj ) = 1 and rank(ccEii +
cEij + cEji + Ejj ) = 1 we get
φii(cc) = φij (c)φij (c) = φjj (cc). (11)
Replacing c by c + 1 in (11), we have
φii(c + c) = φjj (c + c);
this implies φ11 = · · · = φnn = φ.
Since (9) still holds when τij is replaced by φij , so let P2 = P1diag(1, φ12(1), . . . ,
φ1n(1), Im−n), we get{
f (aEii) = γ θ(a)P2EiiP ∗2 , i = 1, . . . , n,
f (cEij + cEji) = γP2(θij (c)Eij + θij (c)Eji)P ∗2 , i < j.
(12)
By (10) and (12) we obtain that θ = φ is an additive group homomorphism of R
with θ(1) = 1, and θij = φ1i (1)−1φ1j (1)−1φij (i < j) is an additive group homo-
morphism of C with θij (1) = 1.
For a ∈ R, a /= ±1 and i < j , it follows from rank((1 ± a)Eii + (1 ± a)Eij +
(1 ± a)Eji + (1 ± a)Ejj ) = 1 that rank((1 ± θ(a))Eii + (1 ± θij (a))Eij + (1 ±
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θij (a))Eji+ (1±θ(a))Ejj )= 1. By direct computation, we may obtain that θij (a)=
θ(a). By rank(Eii + aEij + aEji + a2Ejj ) = 1 we have θ(a2) = θ(a)2, and then
θ(ab) = θ(a)θ(b) for all a, b ∈ R. This implies that θ is an field homomorphism of
R. For a /= 0, since f is a rank-1 preserver, we have f (aE11) = γ θ(a)P2E11P ∗2 /=
0. Therefore, θ(a) /= 0, and θ is injective. Now we get θ is an field automorphism of
R, so θ(a) = a for all a ∈ R.
For b ∈ R and i < j , it follows from rank(Eii + (1 + bi)Eij + (1 − bi)Eji +
(1 + b2)Ejj ) = 1 and rank(Eii + (2 + bi)Eij + (2 − bi)Eji + (4 + b2)Ejj ) = 1
that
rank
(
Eii + (1 + θij (bi))Eij + (1 − θij (bi))Eji + (1 + b2)Ejj
) = 1 (13)
and
rank
(
Eii + (2 + θij (bi))Eij + (2 − θij (bi))Eji + (4 + b2)Ejj
) = 1. (14)
Let θij (bi) = x + yi, x, y ∈ R; by (13) and (14) we have x = 0 and y2 = b2.
The above result shows that θij (a + bi) = a + bi or θij (a + bi) = a − bi for all
a, b ∈ R. It is easy to prove that if θij (i) = i, then θij (a + bi) = a + bi for all a, b ∈
R; if θij (i) = −i, then θij (a + bi) = a − bi for all a, b ∈ R. Next, let us prove that if
θ12(i) = i, then θij (i) = i for all i < j ; if θ12(i) = −i, then θij (i) = −i for all i < j .
As an example, we only consider the case n = 3, θ12(i) = i. If θ13(i) = −i, then we
have
1= rank

 1 i i−i 1 1
−i 1 1

 = rank f



 1 i i−i 1 1
−i 1 1




= rank



 1 i −i−i 1 1
i 1 1

 0
0 0

 = 3;
this is a contradiction. Hence θ13(i) = i. Similarly, θ23(i) = i.
Finally, we have if θ12(i) = i, then f (A) = γP2
[
A 0
0 0
]
P ∗2 , A ∈ Hn; if θ12(i) =
−i, then f (A) = γP2
[
A 0
0 0
]
P ∗2 = γP2
[
At 0
0 0
]
P ∗2 , A ∈ Hn. Now, write γ = ±r
where r > 0 and let Q = √rP2, we finish the proof. 
4. Applications
In this section, we will give three applications of Theorem 1.1. Recently, Laute-
mann [4] determined the forms of the linear preservers of rank on Mm,n(F) when F
is an arbitrary field; Zhang [10] characterized the additive preservers of rank on the
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spaces of symmetric matrices. In this paper, Corollary 1.2 characterizes the additive
preserver of rank from Hn into Hm, that is f satisfying rank f (A) = rankA for
all A ∈ Hn. In [3], Guterman characterized linear preservers of rank-additivity for
k−tuples of matrices on Mn,n(F) (|F| > n) (see [3]), You and Tang characterized
the additive preservers of rank-additivity on the spaces of symmetric and alternate
matrices (see [9]). Our Corollary 1.3 studies the additive injective maps f from Hn
into itself that preserve rank-additivity, that is rank(f (A)+ f (B)) = rank f (A)+
rank f (B) for every A,B ∈ Hn with rank(A+ B) = rankA+ rankB. The author
[8] characterizes the linear operators from the linear space of n× n matrices into the
linear space of m×m matrices over any field F that preserve adjoint matrix, where
n ≥ 3. In this paper, Corollary 1.4 characterizes the additive maps f from Hn into
Hm that preserve adjoint matrix, that is f is such that f (Aad) = [f (A)]ad for all A
in Hn. Here Aad denotes the adjoint matrix of A.
Since the Corollary 1.2 is easily obtained by Theorem 1.1, we are ready to start
our proof of the other two corollaries.
Proof of Corollary 1.3. Firstly we show that f preserves rank one matrices, i.e., if
A ∈ Hn with rankA = 1, then rank f (A) = 1. Let A ∈ Hn with rankA = 1. Then
there is P ∈ GLn such that A = d1PE11P ∗, d1 ∈ R∗. Let Ai = PEiiP ∗(2  i 
n). Thus
rank(A+ A2 + · · · + An) = rankA+ rankA2 + · · · + rankAn.
Since f is an additive injective preserver of rank-additivity, we have
n rank f (A+ A2 + · · · + An)
= rank f (A)+ rank f (A2)+ · · · + rank f (An)  n
The above inequality implies rank f (A) = 1.
Next we prove that rank f (In)= n. Because of rankIn= rank(E11+· · ·+Enn)=
rankE11 + · · · + rankEnn, we have rank f (In) = rank(f (E11)+ · · · + f (Enn)) =
rank f (E11)+ · · · + rank f (Enn) = 1 + · · · + 1 = n.
Finally, by Theorem 1.1, the proof is completed. 
Proof of Corollary 1.4. Let us prove that if f /= 0, then m = n and (3) or (4) holds.
This is divided into the following seven steps:
Step 1: For A ∈ Hm, it is easy to see that
rankAad =
{ 0, if rank(A) < m− 1,
1, if rank(A) = m− 1,
m, if rank(A) = m.
Step 2: rank f (cEii) = 1 for any c ∈ R∗ and i ∈ {1, . . . , n}.
Firstly, for any c ∈ R∗ and i ∈ {1, . . . , n}, let j ∈ {1, . . . , n} \ {i}. Denote Xij =
In − Eii − Ejj . It follows from n  3 that (Xij + cEjj )ad = cEii and (cEii)ad =
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O. Using the definition of f, we obtain that f (Xij + cEjj )ad = f (cEii) and
f (cEii)
ad = O. This, together with Step 1, implies rank f (cEii)  1.
Secondly, if f (aEkk) = O for some a ∈ R∗ and k ∈ {1, . . . , n}. When i, j, k are
distinct, denote Xijk = In − Eii − Ejj − Ekk , then, by Step 1 and the definition of
f, one can derive
f (dEjj )= f
(
(Xijk + aEkk + a−1dEii)ad
)
= f (Xijk + aEkk + a−1dEii)ad
= f (Xijk + a−1dEii)ad
= f ((Xijk + a−1dEii)ad) (15)
= f (0)
= 0, ∀d ∈ R, j ( /= k) ∈ {1, . . . , n}.
Similarly,
f (dEkk) = 0, d ∈ R. (16)
For any d ∈ C and distinct i, j ∈ {1, . . . , n}, denote dDij = dEij + dEji . Be-
cause of (Xij + dDij )ad = −ddXij − dDij , it follows from the definition of f that
(f (Xij )+ f (dDij ))ad = −f (ddXij )− f (dDij ). Using (15) and (16 ), we have
−f (dDij ) = f (dDij )ad = f ((dDij )ad) = 0. This, together with (15), (16) and the
additivity of f , implies that f = 0, which contradicts the assumption f /= 0.
Combining the above two aspects, one can conclude that rank f (cEii) = 1 for
any c ∈ R∗ and i ∈ {1, . . . , n}.
Step 3: f is an additive injective rank-1 preserver.
Suppose A ∈ Hn with rankA = 1. Then there is a unitary matrix U ∈ GLn such
that A = U−1(d1E11)U , d1 ∈ R∗. Set ψ(X) = f (U−1XU), ∀X ∈ Hn, then we eas-
ily know that ψ is also an additive preserver of adjoint matrix. Hence by Step 2 we
have rank f (A) = rankψ(d1E11) = 1.
On the other hand, if there is 0 /= A ∈ Hn such that f (A) = 0, then we can
find a matrix B ∈ Hn such that rank(A+ B) = n− 1 and rankB  n− 2. Since
rank(A+ B)ad = 1 by Step 1, so rank f (A+ B)ad = 1. But we have rank f (A+
B)ad = rank f (B)ad = rank f (Bad) = rank f (0) = 0. This is a contradiction. Hence
A = 0 and f is injective.
Step 4: m > 2.
If m = 2, then it follows from f (E11) ∈ H2 that f (E11) = (f (E11)ad)ad. Since
n  3 and f is a preserver of adjoint matrix, it can be concluded that f (E11) =
f (Ead11)
ad = f (0)ad = 0, which contradicts Step 2. Therefore, m > 2.
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Step 5: rank f (In) = m  n.
It follows from the definition of f that f (In)ad = f (I adn ) = f (In). Using Step
1, we obtain that either f (In) = 0 or rank f (In) = m. By Step 3, f is injective, so
f (In) /= 0. And then
m = rank f (In) = rank
(
n∑
i=1
f (Eii)
)

n∑
i=1
rank f (Eii) = n.
Step 6: m = n.
From Step 3, we can write
f (Eii) = ciαiα∗i ,
where ci ∈ R∗ and αi ∈ Cm \ {0}. If we assume rank[α1 · · · αn] = s, then s ∈
{1, . . . , n} and there exists {i1, . . . , is} ⊆ {1, . . . , m} such that i1 < i2 < · · · < is
and rank[αi1 · · · αis ] = s. Furthermore, similar to the proof of Lemma 2.1, there
exists P ∈ GLm such that (6) holds.
Thus,
f (In) =
n∑
i=1
f (Eii) = P
[
B 0
0 0
]
P ∗ for some B ∈ Hs.
This, together with Step 5 implies that s = m. See the proof of Lemma 2.1, we have
f (Eii) = ciPEiiP ∗ for every i ∈ {i1, . . . , im}, which yields f
(∑
i∈{i1,...,im} Eii
) =∑
i∈{i1,...,im} f (Eii) = P
(∑
i∈{i1,...,im} ciEii
)
P ∗ = D. Thus, D ∈ GLm and
(detD)D−1 = Dad = f
( ∑
i∈{i1,...,im}
Eii
)ad
= f


( ∑
i∈{i1,...,im}
Eii
)ad .
(17)
If m < n, then
(∑
i∈{i1,...,im} Eii
)ad has rank 0 or 1, and hence the right-hand side of
(17) has rank 0 or 1. But the left-hand side of (17) has full rank. This is a contradic-
tion. Thus m = n.
Step 7: From Steps 5–7 we know f is an additive rank-1 preserver and rank f (In) =
n. By Theorem 1.1, we have f is of the form (3) or (4). Similar to the proof of
Theorem 3.4 in [8] we have Q∗Q = λIn and λn−2 = 1. 
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